It is commonly believed that the dRGT theory is the unique way to describe a massive spin-2 field without ghosts. While dRGT is arguably the most elegant massive gravity theory, it seems that it may not be the unique ghost-free one if one relaxes the assumption of locality. In this work, we derive a new massive gravity theory by using a disformal transformation of the metric tensor in the dRGT action. Its decoupling limit lives inside the class of beyond-Horndeski Lagrangians as long as the transformation of the metric remains purely disformal. This proves the absence of ghosts in this decoupling limit and hints at their absence in the whole theory. One caveat, however, is the possible nonlocal structure of this new theory. Furthermore, we consider a more general case, in which we allow the conformal factor in the disformal transformation to be different from unity, and discuss the absence of ghosts in this decoupling limit.
Introduction
The search for a viable theory with certain properties is greatly simplified by the knowledge about a unique class of theories. A prominent example is General Relativity (GR) which was shown to be the unique theory that is solely constructed from a rank-2 tensor with the following properties: it is symmetric, divergence-free, only second order in the derivatives of g, linear in these derivatives and it naturally depends on a pseudo-Riemannian metric g [1, 2] . Since GR describes a massless spin-2 field, it is natural to ask whether the graviton is theoretically allowed to be massive.
At linear level, the search for theories describing a massive spin-2 field is conceptionally rather simple. The action can only consist of a linear combination of a finite number of terms. The absence of ghosts can then be used to constrain the prefactors. This finally results in the FierzPauli theory, the unique linear theory of a Massive Gravity (MG) [3] .
Generalizing the Fierz-Pauli action towards a non-linear theory has turned out to be rather cumbersome. Boulware and Deser had thought to find a ghost in the whole class of theories of MG [4] . However, a loophole in their arguments has been used to reveal a stable non-linear theory of MG [5] [6] [7] [8] [9] [10] [11] [12] , often dubbed as dRGT theory.
Even though dRGT is stable, it cannot provide dynamical cosmological solutions [13] and is therefore not considered to be viable. Does this imply that a MG without any modifications, like, e.g., breaking the cosmological principle [13] , assuming Lorentz violation [14, 15] , or adding a new dynamical tensor field [10, 16] , cannot exist? This would certainly be the case if dRGT was unique. Even though this is commonly assumed to be the case, a proof is still missing. In fact, in this work we will present a counter example by constructing a new theory of MG. This beyond dRGT massive gravity turns out to be ghostfree in the Decoupling Limit (DL) which strongly hints at the stability of the theory at full non-linear level. Furthermore, the finding of another theory of MG questions the uniqueness of dRGT and possibly opens the door to a whole class of theories of a massive spin-2 field. However, we emphasize that this theory might have nonlocalities in the non-linear regime.
Formalism

Construction of Beyond dRGT
To construct a new ghost-free theory of MG, we start with dRGT MG in the perturbative approach [5] :
where the functions U i are of the i-th order on the covariantized metric perturbation H. In the Λ 3 -decoupling limit (DL), this Lagrangian becomes [5] 
where h is the non-covariantized metric perturbation and
µν is a superposition of first and higher powers of second derivatives of the helicity-0 mode π. There are strong indications that all powers > 3 of these second derivatives vanish [5] .
In Ref. [5] , it has been shown that the Lagrangian (2) can be reformulated in terms of the Galileon Lagrangians, which live inside the class of Horndeski Lagrangians. The latter ones can be mapped to the Beyond-Horndeski (BH) Lagrangians through a Disformal Transformation (DT) [17] . The idea of this work is to revert the order of these steps, beginning with a disformally transformed dRGT theory: if the DL of this theory lives inside BH, we have found a proof for the absence of ghosts in it.
We start with a DT of the metric tensor in the Lagrangian (1), which is given by [18] [19] [20] [21] 
where C and D are arbitrary functions and
is the kinetic term of a new scalar degree of freedom (DoF) φ. The resulting Lagrangian,
describes a new theory of MG, where the matter sector remains untransformed, i.e., the matter fields couple minimally to g µν . Here we replacedŨ i by U i because it keeps the same form as in the untransformed case with only the arguments replaced by transformed quantities. In analogy to dRGT MG [5] , these transformed quantities are given byg
Here,Π µν ≡∇ µ∇ν π is the second covariant derivative of the scalar mode with respect to the transformed metric. It is important to mention that the DT (3) introduces a new scalar DoF φ. In order to preserve the number of DoFs, we will from now on identify this new scalar field with the helicity-0 mode of MG, i.e. φ ≡ π.
1
The transformation of the metric determinant and Ricci scalar leads to [20, 22] 
where K α µν =Γ α µν − Γ α µν denotes the difference of the transformed and untransformed connections. The transformed inverse metric is given bỹ
with E(X, φ) ≡ − B(X,φ) A(X,φ)−2B(X,φ)X and A, B, andX defined in Ref. [20] .
Constraints on C and D
Surprisingly, an explicit calculation of the interaction terms will not yield a proper DL. For the second order interaction we obtain
Sinceg
we obtain a large variety of mass scales if we expand the above expression.
We can see that, no matter which mass scale M κ P m λ we keep fixed in the DL, as soon as M P DL − − → ∞, we obtain divergent terms. This implies that we would need two cutoff scales for our theory to be valid. In order to avoid these complications from the beginning and to render our theory viable at low energy scales, we demand thath µν stays constant in the DL. In order to achieve this, we rescale the functions C and D in Eq. (7) with powers of M P in such a way, thath µν does not change with M P .
2 The demand of a fixedh µν translates into the condition, that the derivative of Eq. (7), considered as a function of the Planck mass
In the following, we will consider three special cases:
(a) Trivial Case: Neither C nor D depend on the Planck mass. In this case, Eq. (12) leads to a contradiction except if one sets C = 1 and Dφ ,µ φ ,ν = 0 because η µν and φ ,µ φ ,ν cannot be proportional to each other. These choices for C and D correspond to not performing a transformation at all.
(b) Purely Disformal Case (PDC): Only D depends on M P while C does not. We will see that this assumption forces C to equal 1, which corresponds to a 'purely disformal transformation'. This case will render a valid and ghost-free theory.
(c) Generalized Disformal Case (GDC): Both, C and D, depend on M P . We will have a look at a specific example of this case, namely that of a 'rather general disformal transformation', although it is unclear so far whether the resulting theory is stable.
Purely Disformal Case
Calculating the Metric
With the assumptions in this case, Eq. (12) becomes
With the same argumentation as in the trivial case, we run into a contradiction if C = 1, so that Eq. (13) translates into the differential equation
with the simple solution D(X, φ,
, where the index denotes that D 0 is a new arbitrary function independent of M P .
3 Together with the constraint C(φ, X) = 1 this guarantees thath µν remains constant in the DL. Plugging in these two constraints into Eq. (7) and using the definition ofh µν (5), we find
where the prescript denotes that these are quantities related to the PDC. The corresponding expression for the inverse transformed metric is obtained by performing an analogue analysis. Therefore we rescale the free functions A and E in Eq. (10) with powers of M P where for the purely disformal case we demand that E depends on the Planck mass while A does not. This leads to the constraints A = 1 and E = E 0 /M P so that the metric is given by
3 Actually, D 0 appears in the solution as an integration constant. Strictly speaking, this means that it must not depend on X, because X is a contraction with the metric, which depends on M P . However, this dependence vanishes in the limit M P DL − − → ∞, so we will keep the X dependence in D 0 to cover a more general case. The same argumentation holds for the free functions in the Eqs. (30), (32), (34) and (35).
The Decoupling Limit
The Lagrangian (4) consists of two parts: a transformed Einstein-Hilbert term and a transformed interaction term. In order to calculate the DL of the first one, we use that the metric goes to Minkowski and hence the connections of the metric vanish. The DL of the interaction term can be obtained by an analogous calculation as in the dRGT case. At each order some terms can be combined into total derivatives with respect to the transformed metric so that the DL is given by
where the tilde aboveX
µν (π) indicates that it is a function of the second covariant derivatives with respect to the transformed metric pg µν . Since in the DL the metric becomes Minkowski, these covariant derivatives reduce to partial derivatives. Plugging in the expression for phµν we arrive at the full Λ 3 -DL
Here we used the same conventions as in Ref. [20] , where [·] denotes the trace of the matrix inside the brackets and · its contraction with the first derivatives φ ,µ φ ,ν of the scalar field φ ≡ π. Furthermore, Π µν is the second derivative of this scalar field.
Searching for Ghosts
The BH Lagrangians represent the most general 4-dimensional scalar-tensor theory in a curved spacetime that is free of Ostrogradsky instabilities. By showing that the DL of our new theory lives inside this class, we have immediately shown the absence of ghosts. For that purpose, we need to show that we can reproduce each term of the DL by the BH Lagrangians at the same time. Eq. (20) consists of the ordinary, ghost-free dRGT term L dRGT can be formulated in terms of Galileons [5] , which are basically the Horndeski Lagrangians in flat space and hence lives inside BH.
Tuning the free functions G i (X, φ) and F i (X, φ) of the BH Lagrangians as defined in Ref. [23] , we can reproduce the first of the new terms pLΛ3 EH . The second of the new terms consists of three terms:
The first of these terms can be reproduced by the Horndeski functions G 2 and G 3 through the usage of a procedure developed in Ref. [20] . The latter two of these three terms can be shown to live inside BH by tuning the functions F 4 and F 5 . In detail, all of the new terms compared to the dRGT case can be reproduced by the BH Lagrangians by choosing
where f (X, φ) = −´D 0 (X, φ)dX + s(φ). This proves that the DL of the purely disformal case is free of ghosts.
Fierz-Pauli limit of the PDC
In the limit where π ,µ = φ ,µ = 0, according to Eq. (15), the transformed metric equals the untransformed one:
Hence, we obtain the same linear limit as dRGT, i.e. the Fierz-Pauli limit.
The Purely Disformal Case in Terms of Galileons
The new terms in the DL can be rewritten in terms of Galileons:
Here we use the same form of the Galileons as in Ref. [17] , where they are described as an alternative in flat space, or respectively the so called "form 3" from Ref. [24] . Unlike the Galileons, these terms are not invariant under a Galilean shift symmetry anymore because of the prefactors D µν . Thus, the DL of our theory can be written as
where L Gal is a linear combination of the Galileon Lagrangians up to fourth order.
Nonlocal structure
The identification φ ≡ π relates the new scalar degree of freedom from the disformal transformation to the helicity-0 mode of the graviton. The latter one is defined on the Minkowski background, which raises the question about the corresponding identification on a different background or in a background-independent formulation. Retaining the identification with the helicity-0 mode on the Minkowski background, we need to find an expression for π on a general background. Given the fact thatH µν contains second derivatives of π in the form ofΠ µν , translating π to arbitrary backgrounds in general requires to invert these second derivatives to obtain π in terms of the metric components. This inversion induces integrals and hence nonlocal operators into the action. A local description as in dRGT might exist but this is a priori not obvious.
On the Minkowski background, the decoupling limit of the PDC is obviously local. The full theory however is given by the Lagrangian Eq. (4), which contains an infinite power series of second order derivative operators acting on π. Thus, a nonlocal structure might possibly arise even on the Minkowski background.
Generalized Disformal Case
Calculating the Metric
Now we allow both functions C and D to depend on the Planck mass so that the whole Eq. (12) holds. One rather generic, yet, not the most general solution can be obtained by setting the prefactors of η µν to zero, i.e.:
which can be solved for C(X, φ, M P ) = M −1 P C 0 (X, φ) + 1. Together with Eq. (12), we arrive at
which yields the following constraint:
With these two constraints of Eqs. (30) and (32), which are more general than those from the purely disformal case (we obtain that case if we set C 0 (X, φ) = 0), the transformed metric becomes:
where the prescript denotes that these quantities are related to the GDC. An analogous calculation can be performed for the inverse metric, yielding the constraints
and
which leads to the following form of the inverse transformed metric:
The Decoupling Limit
Plugging in Eqs. (33) and (36) into Eq. (4) and calculating the Λ 3 -DL, we obtain
Searching for Ghosts
The DL of the generalized disformal case is given by the purely disformal case plus a new term For the first of these new terms, we use the findings of Ref. [20] in which the authors argue that a general DT of the Einstein-Hilbert term does still possess a second order evolution. This implies that this term is Ostrogradsky stable.
The second of these new terms is given as a linear combination of the following terms:
These terms exhibit an interesting structure. First, by choosing A 0 (X, φ) = X, we obtain the Galileon Lagrangians. Second, all of these terms can be reproduced by the usual Horndeski Lagrangians with the choices
which are problematic, however. While the first choice works absolutely fine, the second and third one introduce new terms from the Horndeski Lagrangians, namely G 4 (φ, X)R and G 5 (φ, X)G µν φ µν . These new terms are not included in the DL of beyond dRGT and hence further investigation is required whether the GDC is ghost-free or not.
Summary and Discussion
We investigated the possibility of a ghost-free MG that is different from the dRGT case but still has only five DoFs. For that reason, we constructed a new theory through a DT of the metric in the perturbative formulation of dRGT. Since the scalar mode π is almost solely responsible for the phenomenology and theoretical consistency, we investigated the Λ 3 -DL. However, the transformed perturbatioñ h of the metric around flat space-time possesses terms depending on the Planck mass M P , which give rise to divergences in any DL where the latter one goes to infinity. Therefore, we imposed thath does not depend on the Planck mass. This was achieved by giving the free functions C and D of the DT an M P -dependence, which introduced new constraints. We investigated three special cases: a trivial one, a purely disformal one, where the conformal function C is set to unity and a generalized disformal one, which encompasses the second one as a special case. For the PDC, we proved that the DL lives inside the class of BH Lagrangians. This proves the absence of ghosts in the DL and hints at their absence in the whole theory. For the GDC, we calculated the DL and obtained the purely disformal DL plus some extra terms. Some of these were shown to live inside the class of Horndeski Lagrangians but with problematic consequences.
In conclusion, the possibility of another way than dRGT theory to formulate a ghost-free theory for a massive spin-2 field is an exciting result that invites to future investigations. First, it would be interesting to generalize the constraints on C and D and thus the whole theory. This can be done by checking if the GDC lies in the class of BH, by solving the whole Eq. (12) or by making a new ansatz as, for instance, considering the behavior of C and D only in the limit M P → ∞ or allowing for an m-dependence. Second, apart from its Ostrogradsky stability, it is crucial to investigate the causal behavior and the possibility of non-local effects. Furthermore, when investigating the full theory for stability, one should also consider the vector modes, which have been set to zero in this analysis. Although they are usually not responsible for instabilities and there is a priori no reason to expect otherwise, they should be included for the sake of completeness. Finally, the identification of the disformal field with the helicity-0 mode φ = π breaks the U (1)-symmetry of the helicity-0 mode, which has been used in dRGT in order to preserve the DoFs. Since our findings imply that the DoFs in beyond dRGT are probably conserved, we assume that there is another, hidden mechanism in it which plays the same role as the U (1)-symmetry and thus preserves the DoFs.
Shortly after this manuscript has been submitted, Ref. [25] has appeared, in which the author states that a subclass of beyond dRGT can be interpreted as a mimetic extension of dRGT. Since a mimetic theory does not introduce a new propagating DoF, it supports the claim that beyond dRGT is actually ghost-free.
